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I. INTRODUCTION 

The idea that the universe we observe can be described 
by a sub-manifold (the brane) embedded in a larger space 
(the bulk), has attracted great interest in physics. From 
Kaluza and Klein’s early attempts to the more recent 
models of extra-dimensions by Arkani-Hamed, Dimopou- 
los and Dvali (ADD) [TJ [2] and Randall and Sundrum 
(RS) 0, what is ultimately sought after is a unified, 
hence simpler, description of fundamental interactions. 
While both the ADD and RS models could straight¬ 
forwardly explain the hierarchy of fundamental interac¬ 
tions, solely the RS model has a non-trivial bulk, which 
makes it more attractive to explore gravity at high ener¬ 
gies and generalisations of four-dimensional General Rel¬ 
ativity (GR). Specifically, the new terms in the effec¬ 
tive four-dimensional Einstein held equations originat¬ 
ing from the bulk, which can be viewed as corrections 
to GR, might be the key to solve some open issues in 
gravity, like the dark matter problem [3]. In this respect, 
from the phenomenological point of view, the search for 
solutions to the four-dimensional effective Einstein held 
equations for self-gravitating systems is particularly rele¬ 
vant, especially the case of vacuum solutions beyond the 
Schwarzschild metric. 
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Unfortunately, even in the simplest case of the RS 
brane-world (BW), only a few candidate space-times of 
spherically symmetric self-gravitating systems are known 
exactly EHU, mainly due to the complexity of the effec¬ 
tive Einstein held equations. A useful guide in the search 
of such solutions is provided by the requirement that GR 
be recovered at low energies. Moreover, the RS model 
contains a free parameter, the brane tension a, which al¬ 
lows to restrain this prominent aspect by precisely setting 
the scale of high energy physics m • This fundamental 
requirement stands at the basis of the Minimal Geometric 
Deformation (MGD) approach [T4|, which has made pos¬ 
sible, among other things, to derive exact and physically 
acceptable solutions for spherically symmetric m and 
non-uniform stellar distributions m as well, to generate 
other physically acceptable inner stellar solutions 113!- 
H3, to express the tidal charge in the metric found in 
Ref. [5] in terms of the Arnowitt-Deser-Misner (ADM) 
mass, to study microscopic black holes mm, to clar¬ 
ify the role of exterior Weyl stresses (arising from bulk 
gravitons) acting on compact stellar distributions [20| . 
as well as to extend the concept of variable tension in¬ 
troduced in Refs. m by analysing the behaviour of the 
black strings extending into the extra dimension [22| and 
to prove the existence of BW stellar distributions made of 
regular matter with a vacuum Schwarzschild exterior [23j . 
In light of these results, it is interesting to study possible 
extensions of the MGD approach. 

In addition, the field equations in the bulk and the 
brane were shown to be consistent perturbatively GED- 
129] . In this context, the four-dimensional solution is nat- 
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urally embedded in the five-dimensional bulk, with a 
black string-like object associated to the extended MGD 
procedure. This result has already been established in 
the case of the standard MGD technique [22]. On a 
fluid brane with variable tension, the event horizon of 
the black string along the extra dimension is a par¬ 
ticular case of the bulk metric near the brane, being 
based merely upon the brane metric. Numerical tech¬ 
niques shall be employed to study Eotvos branes pEE SI] 
in the extended MGD framework, showing the embed¬ 
ding of the solution in the five-dimensional bulk. Such 
embedding represents a largely employed method that 
has been previously investigated [241 (321 [33] and more¬ 
over applied to a variable tension brane [2S], incorporat¬ 
ing inflation [25:, S2S] |22], dark dust [27] and the realistic 
cases involving post-Newtonian approximations for the 
Casadio-Fabbri-Mazzacurati black string [28, SI] ■ 

In the next section, we shall review the standard MGD 
approach, which involves a modified radial component of 
the metric, and then extend it to the case in which the 
time component of the metric is modified in section m 
In section m we shall describe the simplest application 
of the extended MGD to a Schwarzschilcl metric, and 
the relation between this MGD extended solution on the 
brane and the associated five dimensional solution in the 
bulk is discussed in section [V] In section |VI[ two new 
exact black hole metrics are presented as a direct conse¬ 
quence of the extended MGD. Finally, in section jVI B[ the 
possible extension of the MGD inside a self-gravitating 
system is discussed in detail. We summarise our work in 
section m 


and contain an effective energy-momentum tensor 
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is a non-local source, arising from the five-dimensional 
Weyl curvature (U is the bulk Weyl scalar, V^ and 
are the stress tensor and energy flux, respectively), and 
J- jIV contains contributions from all non-standard model 
fields possibly living in the bulk. For simplicity, we shall 
assume T tlv = 0 and A = 0 throughout the paper. 

Let us now restrict to spherical symmetry, namely 
V^ v = V and Q^ = 0, and choose as the source term 
in Eq. ([2]) a perfect fluid, 

Tfj, v = (p+p)u ll u L , -pg^ , (5) 

where p is the density, p the pressure, and = e~ v ! 2 Sq 
is the fluid four-velocity field in the Schwarzschild-like 
coordinates of the metric 


II. MINIMAL GEOMETRIC DEFORMATION 

In the generalised RS BW scenario, gravity acts in five 
dimensions and modifies the gravitational dynamics in 
the (3+l)-dimensional brane accessible to all other phys¬ 
ical fields. The effective four-dimensional Einstein equa¬ 
tions readQ 

G^ = -k 2 Tf v -Ag^ , (1) 


ds 2 = e u dt 2 - e A dr 2 - r 2 ( dO 2 + sin 2 6 d<j> 2 ) . (6) 

Here v = v(r) and A = A(r) are functions of the areal 
radius r only, ranging from r = 0 (the centre) to some 
r = R (the surface) inside the star, and from r = R to 
some arbitrary r in the outer vacuum, where p = p = 0. 

The metric must satisfy the field equations ([!]), 
namely m 


1 We use k 2 = SnG , where G is the 4-dimensional Newton con¬ 
stant, and A is the 4-dimensional cosmological constant. 
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with primes denoting derivatives with respect to r. Moreover, the conservation equation 
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holds unaffected. The four-dimensional GR equations are recovered for a 1 —► 0, and the conservation equation (10I 
then becomes a linear combination of Eqs. 0-0- 

From the above field equations, one finds that the radial metric component is in general given by 
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geometric deformation 


where = /3(a) is an integration constant, the function 
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and p, = p(r) is the standard GR expression of the radial 
metric component. In particular, by assuming the space 
outside the star is empty, one has 


{ 2 M „ 

1-, for r > R 

(13) 

for r <R, 

r Jo r 


where R is the radius of the star and to = m[r) denotes 
the standard GR interior mass function for r < R. The 
constant M, in general, depends on the brane tension cr 
and must take the value of the GR mass M 0 = m(R) in 
the absence of extra-dimensional effects. 

A crucial role in the original MGD approach is played 
by the function H in Eq. namely 
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which vanishes for any time metric function v = 

that corresponds to a standard GR solution. The geo¬ 

metric deformation in Eq. (11) is correspondingly “mini¬ 

mal” , that is simply given by contributions coming from 


r 


the density and pressure of the source. One can thus 

start from a given GR solution v = ^gr(?'), then ob¬ 

tain the corresponding deformed BW radial metric func¬ 
tion A = A(r) by evaluating the integral in Eq. © with 

H = 0, and finally compute the BW time metric function 

v = v(r) from the remaining field equations. It is worth 
noting that the correction v — i^gr necessarily vanishes 
for cr” 1 —»• 0, and the starting GR solution is properly 
recovered in this low energy limit. 

Let us end this section by noting that the parameter 
p = /3(a) in Eq. (Ill could also depend on the mass M of 


the self-gravitating system and must be zero in the GR 
limit. For interior solutions, the condition f3 = 0 has to be 
imposed in order to avoid singular solutions at the center 
r = 0. However, for vacuum solutions in the region r > R, 
where there is a Weyl fluid filling the space-time around 
the spherically symmetric stellar distribution, /3 does not 
need to be zero, hence there can be a geometric deforma¬ 
tion associated to the Schwarzschild solution. Overall, f3 
plays a crucial role in the search of BW exterior solu¬ 
tions, and in assessing their physical relevance. In fact, 
we were previously able to constrain (3 in this MGD so¬ 
lution from the classical tests of GR in the solar system, 
and the strongest constraint is |/3| < (2.80±3.45) x 10 11 * * , 
from the perihelion precession or Mercury [44| . 


III. EXTENDED GEOMETRIC DEFORMATION 

BW effects on spherically symmetric stellar systems 
have already been extensively studied (see, e.g. Refs. (28j 
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135144T1 for some recent results and Refs. d 01 03j for 
earlier studies. In particular, the exterior r > R (where 
p = p = 0) is filled with fields (Weyl fluid) arising 
from the bulk, whose effects on stellar structures is not 
clearly understood [20]. The MGD approach allows to 
study this region by generating modifications to the GR 
Schwarzschild metric which, by construction, has the cor¬ 
rect low energy limit. The next natural step is thus to 
investigate a generalisation of the MGD for the exterior 
region filled with a Weyl fluid. This can be accomplished 
by considering, in addition to the geometric deformation 
on the radial metric component, given by the expres¬ 
sion (111, a geometric deformation on the time metric 


component, that is 

i/(r) = v s + h(r) , 

where v s is given by the Schwarzschild expression 

e- = l-^, 


(15) 


(16) 


and h{r) is the time deformation produced by bulk gravi¬ 
tons, which should be proportional to cr -1 to assure the 
GR limit. Now, by using the expressions in Eq. © (with 
H = p = p = 0) and Eq. (15) in the vacuum equation 
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we obtain the following first order differential equation 
for the radial geometric deformation / = f(r) in Eq. 
in terms of the time geometric deformation h = h{r ), 




whose formal solution is given by 
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The exponent I = I{r,R) is again given by Eq. (12) and 
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The exterior deformed radial metric component is thus 
expressed as 

2 M 
r 

e Rx,R) p(h ) 
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Finaly, by using the expressions in Eqs. (15) and (21) in 
the field equations 0 and Q, the Weyl functions U and 
V are written in terms of the radial deformation f(r) and 
time deformation h(r) as 


<6U 

k 2 a 




12 V 
k 2 a 


4/ 

„2 


f + Zf— +3fih' + 3fh' 


( 22 ) 


(23) 


To summarise, any given time deformation h = h(r) 
will induce a radial deformation / = f(r) according 
to Eq. (21). In particular, a vanishing time deforma¬ 


tion h = 0 will produce F = 0 and the corresponding 
geometric deformation will be again minimal. For the 
Schwarzschild geometry, this procedure yields the de¬ 
formed exterior solution previously studied in Ref. [551 
(we note a constant h also produces F = 0, and corre¬ 
sponds to a time transformation dT = e h / 2 dt ). 


IV. MODIFIED EXTERIOR SOLUTION 

A more interesting case is provided by non-constant 
time deformations h = h{r) such that F(h) = 0, which 
will still produce a “minimal” deformation (19). Let us 


therefore consider the non-linear differential equation 

F(h) = 0 , (24) 

whose solution is given by the simple expression 

b 1 
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where the integration constants a and b are both func¬ 
tions of the brane tension a. Upon imposing the space- 
time is asymptotically flat, that is 
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0 , 


one finds 
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and the time metric component has the final form 
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Geometric deformation 


for r > 2 M, with the radial metric component given by 
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where I can be computed exactly but we omit it here for 
simplicity. 

A particularly simple case is given when ft = 0, 
which will produce no geometric deformation in the ra¬ 
dial metric component, so that A = — v s is exactly the 
Schwarzschild form in Eq. (16), and diverges for r->2¥. 
However, due to the modified time component (28), this 


is now a real singularity, as can be seen by noting that 
the Kretschmann scalar R^ V p a R ,lvpiy diverges at r = 2 M. 
Moreover, this singularity is soft likewise, since the higher 
order invariant {A7 K \7 T R P/l ; p(T )(\7' i \7 T R pupa ), involving at 
least two derivatives of the curvature, further diverges at 
r = 2 M. The above solution could therefore only repre¬ 
sent the exterior geometry of a star with radius R > 2 M. 
Since this solution has no deformation in its radial met¬ 
ric component, its dark radiation will be zero, IA = 0, as 


shown by Eq. (22). However, its Weyl function 


Vjr) 
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-bM 2 k 2 
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which in fact diverges for r 2 M. 


Finally, Eq. (28) can be written for large r as 
„ 2 M-b b(2M — b) 

^ ^ A 9 > 

V 4 T 

from which one can read off the ADM mass 


(30) 


(31) 


It would be now interesting to probe if one can change 
the nature of the singularity at r = 2 M if ft = ft (a, At) ^ 
0. In fact, the scalar R p ,i /pcr R pl/p ' y might not diverge for 
r —>• 2 At provided ft satisfies a very complicated algebraic 
equation that depends on M and b = 6 (er). However, 
as we found that the classical solar system tests imply 
the very strong bound \ft\ < (2.80 ± 3.45) x 10 —11 , it is 
very unlikely that f3 meets this condition for arbitrary 
astrophysical masses M. 


V. FIVE-DIMENSIONAL SOLUTIONS 


Let y denote the Gaussian coordinate, parameterising 
geodesics from the brane into the bulk, where n.A<tx A = 
dy, for A = 0,1, 2, 3, 5 and ua the components of a vector 
field that is normal to the brane. The five-dimensional 
bulk metric gAB is related to the brane metric g., v by 
gAB dx A dx B = g P i,(x a , y) dx p dx v + dy 2 . In addition, the 
effective brane four-dimensional cosmological constant A, 
the bulk cosmological constant A 5 , and the brane tension 
a are fine-tuned by [53] A = (if (A 5 + where 

«5 = 87 tG 5 , where G 5 denotes the five-dimensional New¬ 
ton gravitational constant. The brane extrinsic curva¬ 
ture, due to the junction conditions, reads 


Kpu = 
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and the tidal charge 


Q = 


b{2M-b) 


(33) 


in terms of which the real singularity is located at 
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ry = 2M 1 - 
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The bulk metric near the brane can be expressed as the 
Taylor expansion along the extra dimension with respect 
to y H3IM1I33], 


sv (®“. y) = 9$ ( xC * > °) 1 ( 36 ) 

3 J ' 

and one then finds that the expansion up to order j = 4 
given in Ref. |29j is enough for a consistent analysis near 
the brane [29]. For the sake of conciseness, we only display 
the metric up to the third order here, that is 


9^{x a ,y) = g^{x a ) - k 2 5 


2 T)9pv T Tp V 


\y\ 


5 l Tp P T^-l(T - a)T^)-28^-1 (\ 5 -^^(T-a) 


\ 

y 2 

J 9nu 

-—h 

2 ! 


2K^K%K p v -Z^ p K P v 


+- g ^KA 5 + R ppv gK p0 - K£ pv - V p H p( ^ } - I< 2 K pv + 3 K p {fl £„ )p + K pp K pP K„ p 


M! 

3! 


where g pjU (x a ) = gjj°j(x a .y = 0), R appjl/ are the compo- stand for the Ricci tensor and scalar curvature, respec- 
nents of the brane Riemann tensor here R piy and R 
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tively, and B Tpa represents the trace free bulk Weyl ten¬ 
sor. When the brane has variable tension, the black string 
event horizon along the extra dimension is affected and 
the above series contains additional terms 25 . In partic¬ 
ular, terms of order \y \ 3 in the expansion (37), involving 
derivatives of the variable brane tension read {25] 


9$”*" = . (37) 


Furthermore, terms of order y 4 can be obtained straight¬ 
forwardly, although they are very cumbersome, and are 
given by Eq. (12) of Ref. (29 . In what follows, we shall 
only consider a time-dependent brane tension a = a(t). 
More details about spherically symmetric or anisotropic 
branes can be found in Ref. [IS] , 

Now, since the area of the five-dimensional horizon is 
determined by g$e(x a . y) [24] [251 [32], we consider the 
metric ([ 6 ]) with the coefficients (28) and ( [29] ) . In fact, 
gee(x a ,y = 0) = R 2 H is precisely the black hole event 
horizon squared, where Rh denotes the coordinate sin¬ 
gularity on the brane. 

In BW models, we can take into account the huge 
variation of temperature in the Universe during the cos¬ 
mological evolution. In this context, fluid membranes of 
Eotvos type [30] play a prominent role in phenomenolog¬ 
ical aspects. In fact, the so-called Eotvos law states that 
the tension of the fluid membrane does depend upon the 
temperature as a ~ (' T criti cai - T), where T critica i de¬ 
notes the highest temperature compatible with the exis¬ 
tence of the fluid membrane. Hence, the BW is originated 
in an early Universe that is extraordinarily hot, corre¬ 
sponding to cr ~ 0. The four-dimensional coupling con¬ 
stant k and the brane tension a are considered to be tiny 
in this context, which reinforces BW effects accordingly. 
In a suitable thermodynamic framework |29l 145] , we de¬ 
rived an expression for the time-dependent variable brane 
tension a(t) = 1 — aTt), w ^ere a(t) denotes the scale factor 


in a Friedmann-Robertson-Walker universe, given in our 
particular case by a(t) ~ 1 — exp(crf) [221125] , Moreover, 
in this context we further have A oc [1 — l/a(t )] 2 25] , 
which implies that A has negative values that are led 
to small positive ones, as the Universe expands. Addi¬ 
tional phenomenological analysis on this model was done 
in Ref. [25]. Hereupon, we consider A 5 = 1 = K 5 and the 
brane tension, with a lower bound a ~ 4.39 x 10 8 MeV 4 
to be normalized as well. 

Below we plot the black string event horizon r = 2 M 
for different values of the brane tension a. In Fig. [l] the 
black string event horizon is shown to vary along the 
extra dimension as a function of /3(a) ~ <r _1 from the 
extended MGD technique. It is worth mentioning that 
there is a point of coordinate yo along the extra dimen¬ 
sion where the horizon satisfies gee(r = 2M, yo) = 0. For 
instance, when a = 0.5 then y 0 = 0.88, in Fig. [T] 


gee 



FIG. 1. Squared black string horizon gee(r = 2 M, y) along the 
extra dimension for b(a) = 1.9 (solid black line), b(a) = 1.0 
(dash-dotted line), b(a) = 0.5 (thick gray line), b(a) = 0.3 
(dashed gray line), b(a) = 0.1 (dashed light gray line). Black 
hole mass M = 1 and /J ~ 1/er. 



FIG. 2. Time-dependent black string event horizon along the 
extra dimension, for a variable brane tension. 


The plot in Fig. [2] exhibits the time-dependent black 
string horizon along the extra dimension. As the cosmo¬ 
logical time proceeds, the event horizon shrinks to a criti¬ 
cal point along the extra dimension, whose constant time 
slices have been already depicted in Fig. [T] in a differ¬ 
ent range. These results are supported by the findings 
in Ref. [46] 07], and generalise those results to the ex¬ 
tended MGD. From the perturbative analysis provided 
by the expansion (37), the black string horizon shrinks 
along the extra dimension. On the other hand, black 
strings are linearly unstable to long wavelength pertur- 
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bations. If we perforin the Gregory-Laflamme perturba¬ 
tion analysis, we can show that, although in the range 
0.4 < y < 0.7 the black string horizon associated to the 
extended MGD shrinks, in other regions along the extra 
dimension the event horizon’s size can increase again, as 
for instance is shown in Ref. J23T ■ Hence the total area 
is shown to increase, consistently with thermodynamic 
principles. A precursory numerical analysis reveals that 
the black string fragments along the extra dimension, 
and forms five-dimensional black holes like those found 
in similar contexts |49| . However, a complete numerical 
analysis adapted to the MGD extended framework goes 
beyond the scope of the present paper and is thus left for 
future investigation. 


respectively yield 
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AM 
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4 M 2 

r 2 


(40) 


and 


( 2 M —ci) ( 2 M 2 -ciM) 

y* ^ y>2 


where 


(41) 


ci = - p (42) 

1 - M/R H K ’ 

and ro = R, the radius of the distribution, was used to 
evaluate the integral in Eq. (12). 

In order to obtain the asymptotic Schwarzschild be¬ 
haviour 


VI. NEW EXACT SOLUTION 


1- — +0(r~ 2 ) (43) 

r 


We will next investigate a more general solution for 
Eq. (mj) by considering a time deformation h(r) produc¬ 
ing Fjh) 7 ^ 0. A reasonable choice for h(r) producing an 
analytical expression around the Schwarzschild solution 
in the simple form 


the constant C\ must satisfy 

ci = -2M . 


(44) 


Consequently, the expressions in Eqs. (40) and (41) will 
reproduce the tidally charged solution given by 5j 
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V 



(38) 


is provided by 


h(r) — k In 



(39) 


We wish to emphasize that the parameter M in Eq. (38) 


is not the ADM mass M of the self-gravitating system. 
Indeed they only coincide when there is not time defor¬ 
mation (k = 0). They are however related, as it is seen 
further below in equation (49). 


Many exact configurations may be generated by using 
the “deformation parameter” k in Eq. (38), the simplest 


one being the minimal geometric deformation associated 
to the Schwarzschild solution, which corresponds to k = 0 


(no time deformation). For k = 1, Eqs. (38) and (21) 


e v = e~ x = 1 — 


2M 


Q 

r 2 


(45) 


where the ADM mass A4 = 2 M and the tidal charge Q = 


AM 2 . The black hole solution in Eq. (45) corresponds to 
an extremal black hole with degenerate horizons 

r h = M 


(46) 


which lies inside the Sclrwarzschild’s radius. Hence, ac¬ 
cording to this solution, extra-dimensional effects weaken 
the gravitational field. 


A. New outer solution 


Next we will show a new exact solution corresponding 
to k = 2. For k = 2, Eqs. ( [38] ) and pTj ) lead to 


2M Q 2MQ 

r r 2 g r 3 ’ 
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where 


M=3M; Q 


12 M 2 ; 


C2 


I - 2M/R) 
(2 R-M) 7 


R 8 /3 . (49) 


From the Schwarzschild limit in Eq. (43), we obtain 


C2 = - 


M 
32 ' 


(50) 


This solution displays two zeros of g“ r , namely r = 
and r e , and a surface r = r c where g// 1 diverges (and 
9 tt = 0), all shown in Fig. [3] These surfaces separate the 
space-time in four regions, namely 


• 0 < r < Ti 


• Ti < r < r c 

• r c < r < r e 


• r > r e . 


An exterior observer at r > r e > r c will never see 
this singularity, as it is hidden behind the outer horizon 
r = r e . Nonetheless, we prefer to consider our solution 
as a candidate exterior of a self-gravitating distribution 
with radius R 0 > r c , thus excluding the singular region 
r = r c . Finally, since the exterior horizon lies inside the 
Schwarzschild radius, r e < r s = 2A4, this solution also 
indicates that extra-dimensional effects weaken the grav¬ 
itational held. 

Both Weyl functions U and V are shown in Fig. [4j We 
see that U is always positive, which indicates a negative 
radial deformation, according to Eq. (22), and diverges 


at the singular surface r = r c . On the other hand, V 
is always negative, showing thus a negative “pressure” 
around the stellar distribution as consequences of extra- 
dimensional effects. This function also diverges at the 
singular radius r = r c . 


B. The interior 

So far we have successfully developed an extension 
of the MOD for the region r > R 0 surrounding a self- 
gravitating distribution. The next logical step is to con¬ 
sider this extension inside the distribution r < R 0 , in 



FIG. 3. Behaviour of gtt{r) (red) and grrir) (blue) for k = 2. 
We see two zeros and a singular point for g, the interior 
n ~ 0.095, the middle r c = 2/3, and the exterior r e ~ 1.124. 
It can be seen that the black hole horizon is shifted inside the 
Schwarzschild radius (r s = 2 M) by extra-dimensional effects. 
The ADM mass is At = 1. 


order to investigate the consequences of bulk gravitons 
on physical variables such as the density and pressure. A 
critical point regarding the implementation of the MGD 
is the conservation equation (10), which contrary to GR, 
is not a linear combination of the field equations ([7])- 
([9]). We know that in the MGD approach any chosen 
GR solution will automatically satisfy the conservation 
equation (10). However, when the time deformation in 
Eq. (15) is considered, the conservation equation (10) 
becomes 


P' = -y(P + P) - \{P + P) 


(51) 


where vq is the GR solution of the temporal metric com¬ 
ponent. The expression in Eq. (51) then yields 


0 = ~j{p + p) 


(52) 


and therefore only a constant time deformation h , or 
equivalently a time transformation dT = e h / 2 dt, may be 
implemented inside a self-gravitating system formed by 
a perfect fluid. The only way to overcome this problem is 
by considering a more complex interior structure, like an 
anisotropic distribution, which leads to a more complex 
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FIG. 4. Behaviour of the Weyl function U{r) (upper curve) 
and V(r) (lower curve). The scalar Weyl function U increasing 
as we approach to the distribution until reach a maximun 
value inside the horizon, then it diverges as we approach to 
the critical value h c - The opposite behaviour is seen for V. 
The black hole mass is setting as A4 = 1. 


form of the conservation equation. Furthermore, an ex¬ 
change of energy between the bulk and the brane could 
be useful to implement the extension of the MGD inside 
an stellar distribution. 


VII. CONCLUSIONS AND OUTLOOK 


The MGD deformation was consistently extended to 
the case when both gravitational potentials, namely the 
radial and time metric components, are affected by bulk 
gravitons. We showed that the deformation for the time 
metric component induces part of the deformation in the 
radial metric component, and the latter can be minimised 
by assuming the former satisfies the differential equa¬ 
tion p4). 


Using this extension of the MGD approach, a new pos¬ 
sible exterior geometry for a self-gravitating system was 
found. This new solution presents a physical singular¬ 
ity at the Schwarzschild radius r = 2 M. Since there is 
no horizon, the singularity is naked, albeit not point¬ 
like, and the geometry cannot be used to describe a BW 
black hole, but might still be used to describe the exterior 


of a self-gravitating star with size R 0 > 2 M. From the 
presently available observational data in the Solar sys¬ 
tem, we were able to put constraints on one of the BW 
parameters. We also argued that the four-dimensional 
solution can be embedded in the bulk, as is supported 
by the black string analysis described in section [V] We 
showed that the black string event horizon associated to 
the extended MGD solution on the brane shrinks for the 
analysed values of the parameter that controls the exten¬ 
sion of the MGD procedure. This is accomplished in the 
framework of a brane with variable tension. 


Finally, a more general scenario was considered by al¬ 
lowing a time deformation h{r) in E q. (fl5| ) to affect the 
geometric deformation /(r) in Eq. (|19[), in such a way 
that F(h) ^ 0. A corresponding deformation parame¬ 
ter k was thus introduced which allows to generate new 
exact exterior solutions. In particular, the case k = 0 rep¬ 
resents no time deformation, as clearly seen throughout 
the expression in Eq. (39); k = 1 represents the tidally 
charged metric corresponding to an extremal black hole 
with degenerate horizons rh = A4; the case k = 2 rep¬ 
resents a new exterior solution for a self-gravitating sys¬ 
tem affected by the extra dimension in the form of a 
surrounding Weyl fluid. This Weyl fluid has a positive ef¬ 
fective energy density U, which increases as we approach 
the stellar distribution. The effective pressure V is al¬ 
ways negative, and decreases as we approach the distri¬ 
bution, thus inducing anisotropy on the exterior near the 
self-gravitating system. Both functions tend to disappear 
rapidly as we move away from the stellar distribution, 
and represent a “Weyl atmosphere”. 


Acknowledgments 


R. Casadio is supported in part by the INFN grant 
FLAG. R. da Rocha is supported in part by CNPq 
grants No. 303027/2012-6 and No. 473326/2013-2, No. 
451682/2015-7, and by FAPESP grant No. 2015/10270- 
0. The research of J. Ovalle is partially supported by the 
European Union under Erasmus Mundus program, grant 
2012-2646 / 001-001-EMA2, and for the Abdus Salam 
International Center for Theoretical Physics, ICTP. 


[1] N. Arkani-Hamed, S. Dimopoulos, G. Dvali, Pliys. Lett. B 
429 263 (1998), The Hierarchy Problem and New Dimen¬ 
sions at a Millimeter , arXiv:hep-ph/9803315 

[2] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, G. 
Dvali, Phys. Lett. B 436, 257 (1998), New Dimensions 
at a Millimeter to a Fermi and Superstrings at a TeV, 


arXiv: hep-ph/9804398 

[3] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 
(1999), A Large Mass Hierarchy from a Small Extra 
Dimension, arXiv:hep-ph/9905221cl. Phys. Rev. Lett. 
83, 4690 (1999), An Alternative to Compactification, 
arXiv:hep-th/9906064 










10 


[4] L. A Gergely, T. Harko, M. Dwornik, G. Kupi, Z. 
Keresztes, Mon. Not. Royal Astron. Soc. 415, 3275 
(2011), Galactic rotation curves in brane world models, 
arXiv:1105.0159 [gr-qc]. 

[5] N. Dadhich, R. Maartens, P. Papadopoulos, V. Rezania, 
Phys. Lett. B 487, 1 (2000), Black holes on the brane, 
hep-th/0003061 

[6] C. Germani, R. Maartens, Pliys. Rev. D 64, 124010 
(2001), Stars in the braneworld , arXiv:hep-th/0107011 

[7] R. Casadio, A. Fabbri and L. Mazzacurati, Phys. Rev. D 
65, 084040 (2002), New black holes in the brane world?, 
gr-qc/0111072 

[8] P. Figueras and T. Wiseman, Phys. Rev. Lett. 107, 
081101 (2011), Gravity and large black holes in Randall- 
Sundrum II braneworlds, arXiv: 1105.2558 [hep-th]. 

[9] D.-C. Dai and D. Stojkovic, Phys. Lett. B 704, 354 
(2011), Analytic solution for a static black hole in RSII 
model, arXiv: 1004.3291v2 [gr-qc]. 

[10] S. Abdolrahimi, C. Cattoen, D. N. Page and 
S. Yaghoobpour-Tari, Phys. Lett. B 720, 405 (2013), 
Large Randall-Sundrum II Black Holes, arXiv: 1206.0708 
[hep-th]. 

[11] T. Wiseman, Phys.Rev.D 65 124007 (2002), Rela¬ 
tivistic Stars in Randall-Sundrum Gravity, arXiv:hep- 
th/0111057 

[12] J. Ovalle, Braneworld stars: anisotropy minimally pro¬ 
jected onto the brane, Gravitation and Astrophysics 
(ICGA9), World Scientific Press, Singapure, 173-182, 
(2010). Editor: Jun Luo. 

[13] J. Ovalle, Mod. Phys. Lett. A 23, 3247 (2008), Search¬ 
ing Exact Solutions for Compact Stars in Braneworld: a 
conjecture, arXiv:gr-qc/0703095v3. 

[14] J. Ovalle, Braneworld stars: anisotropy minimally pro¬ 
jected onto the brane, in Gravitation and Astrophysics 
(ICGA9), Ed. J. Luo, World Scientific, Singapore, 173- 
182 (2010), arXiv:0909.0531v2 [gr-qc]. 

[15] J. Ovalle, Int. J. Mod. Phys. D 18, 837 (2009), 
Non-uniform Braneworld Stars: an Exact Solution, 
arXiv:0809.3547 [gr-qc]. 

[16] J. Ovalle, F. Linares, Phys. Rev. D 88, 104026 (2013), 
Tolman IV solution in the Randall-Sundrum Braneworld, 
arXiv: 1311.1844M [gr-qc], 

[17] J. Ovalle, Mod. Phys. Lett. A 25, 3323 (2010), The 
Schwarzschild’s Braneworld Solution, arXiv: 1009.3674 
[gr-qc]. 

[18] R. Casadio, J. Ovalle, Phys. Lett. B 715, 251 
(2012), Brane-world stars and (microscopic) black holes, 
arXiv:1201.6145 [gr-qc]. 

[19] R. Casadio, J. Ovalle, Gen. Relat. Grav. 46, 1669 (2014), 
Brane-world stars from minimal geometric deformation, 
and black holes, arXiv:1212.0409 [gr-qc]. 

[20] J Ovalle, F Linares, A Pasqua, A Sotomayor, Class. 
Quantum Grav. 30, 175019 (2013), The role of exte¬ 
rior Weyl fluids on compact stellar structures in Randall- 
Sundrum gravity, arXiv: 1304.5995 [gr-qc] 

[21] L. A. Gergely, Phys. Rev. D 78, 084006 (2008), Fried¬ 
mann branes with variable tension, arXiv: 0806.3857 [gr- 
qc]. 


[22] R. Casadio, J. Ovalle, R. da Rocha, Class. Quant. Grav. 
30, 175019 (2014), Black Strings from Minimal Geo¬ 
metric Deformation in a Variable Tension Brane-World, 
arXiv: 1310.5853 [gr-qc]. 

[23] J. Ovalle, L. A. Gergely, R. Casadio, Class. Quantum 
Grav. 32, 045015 (2015), Brane-world stars with solid 
crust and vacuum exterior, arXiv:1405.0252 [gr-qc]. 

[24] R. Casadio, B. Harms, Phys. Rev. D 64 (2001) 024016, 
Black hole evaporation and compact extra dimensions, 
arXiv:hep-th/0101154 

[25] D. Bazeia, J. M. Hoff da Silva, R. da Rocha, Phys. Lett. 
B 721, 306 (2013), Black holes in realistic branes: black 
string-like objects?, arXiv: 1303.2243 [gr-qc]. 

[26] D. Bazeia, J. M. Hoff da Silva, R. da Rocha, Phys. Rev. 
D 90, 047902 (2014), Regular Bulk Solutions and Black 
Strings from Dynamical Braneworlds with Variable Ten¬ 
sion, arXiv:1401.6985 [hep-th]. 

[27] A. Herrera-Aguilar, A. M. Kuerten and R. da Rocha, 
Adv. High Energy Phys. 2015, 359268 (2015), Regular 
Bulk Solutions in Brane-worlds with Inhomogeneous Dust 
and Generalized Dark Radiation, arXiv: 1501.07629 

[28] R. da Rocha, A. Piloyan, A. M. Kuerten, Class. Quant. 
Grav. 30, 045014 (2013), Casadio-Fabbri-Mazzacurati 
Black Strings and Braneworld-induced Quasars Luminos¬ 
ity Corrections, arXiv:1301.4483 [gr-qc]. 

[29] R. da Rocha, J. M. Hoff da Silva, Phys. Rev. D 85, 
046009 (2012), Black string corrections in variable ten¬ 
sion braneworld scenarios, arXiv: 1202.1256 [gr-qc]. 

[30] R. Eotvos, Annalen der Physik 263, 448 (1886), Ue- 
ber den Zusammenhang der Oberflachenspannung der 
Fliissigkeiten mit ihrem Molecularvolumen. 

[31] L. A. Gergely, Phys. Rev. D 79, 086007 (2009), 
Eotvos branes, arXiv:0806.4006 ^2 [gr-qc]. 

[32] R. Maartens, K. Koyama, Living Rev. Rel. 13, 5 (2010), 
Brane-world gravity, arXiv: 1004.3962 [hep-th]. 

[33] R. Casadio, C. Germani, Prog. Theor. Phys. 114, 23 
(2005), Gravitational collapse and black hole evolution: 
do holographic black holes eventually "anti-evaporate”?, 
arXiv:hep-th/0407191 

[34] R. Casadio, A. Fabbri and L. Mazzacurati, Phys. Rev. D 
65, 084040 (2002), New black holes in the brane world?, 
arXiv:gr-qc/0111072 

[35] P. Kanti, N. Pappas, K. Zuleta, Class. Quantum Grav. 
30, 235017 (2013), On the Localisation of 4-Dimensional 
Brane-World Black Holes , arXiv: 1309.7642 

[36] T. Harko, M. J. Lake, Phys. Rev. D 89, 064038 
(2014), Null fluid collapse in brane world models, 
arXiv: 1312.1420 [gr-qc]. 

[37] L. B. Castro, M. D. Alloy, D. P. Menezes, JCAP 08, 
047 (2014), Mass radius relation of compact stars in the 
braneworld, arXiv: 1403.1099 [nucl-th], 

[38] M. A. Garcfa-Aspeitia, L. A. Urena-Lopez, Class. Quan¬ 
tum Grav. 32, 025014 (2015), Stellar stability in brane¬ 
worlds revisited, arXiv:1405.3932 

[39] M. A. Garcia-Aspeitia, M. J. Reyes-Ibarra, C. Ortiz, J. C. 
Lopez-Dominguez, Sinhue Hinojosa-Ruiz, Gravitational 
collapse in brane-worlds: the dynamical systems perspec¬ 
tive , arXiv: 1412.3496 [gr-qc]. 






11 


[40] F. X. Linares, M. A. Garcia-Aspeitia, L. Arturo Urea- 
Lopez, Phys. Rev. D 92, 024037 (2015), Stellar models 
in Brane Worlds, arXiv:1501.04869 [gr-qc]. 

[41] P. Kanti, N. Pappas, T. Pappas, On the Localisation of 
f-Dimensional Brane-World Black Holes II: the general 
case , arXiv: 1507.02625 [hep-th]. 

[42] G. Kofinas, E. Papantonopoulos, I. Pappa, Pliys.Rev.D 
66 104014 (2002), Spherically Symmetric Braneworld So¬ 
lutions with R.4 term in the Bulk, arXiv:hep-th/0112019 

[43] S. Creek, R. Gregory, P. Kanti, B. Mistry, Class. Quant. 
Grav. 23, 6633 (2006), Braneworld stars and black holes, 
arXiv:hep-th/0606006 

[44] R. Casadio, J. Ovalle, R. da Rocha, Classical Tests of 
General Relativity: Brane-World Sun from Minimal Ge¬ 
ometric Deformation, arXiv: 1503.02316 [gr-qc]. 


[45] L. A. Gergely, Phys. Rev. D 79, 086007 (2009), Eotvos 
branes, arXiv: 0806.4006 [gr-qc]. 

[46] G. T. Horowitz, K. Maeda, Phys. Rev. Lett. 87 (2001) 
131301, Fate of the black string instability, arXiv:hep- 
th/0105111 

[47] B. Kol, Phys. Rept. 422 (2006) 119, The Phase transition 
between caged black holes and black strings: A Review, 
arXiv:hep-th/0411240 

[48] A. E. Bernardini, R. T. Cavalcanti and R. da Rocha, Gen. 
Rel. Grav. 47, 1840 (2015), Spherically Symmetric Thick 
Branes Cosmological Evolution, arXiv:1411.3552 

[49] L. Lehner and F. Pretorius, Phys. Rev. Lett. 105, 101102 
(2010), Black Strings, Low Viscosity Fluids, and Viola¬ 
tion of Cosmic Censorship, arXiv: 1006.5960 [hep-th]. 




